Abstract. For an odd prime p and a positive integer n, it is well known that there are two types of extra-special p-groups of order p 2n+1 , first one is the Heisenberg group which has exponent p and the second one is of exponent p 2 . In this article, a new way of representing the extra-special p-group of exponent p 2 is given, which is suggested in a natural way by a familiar representation of the Heisenberg group. These representations facilitate an explicit way of finding formulae for any automorphism and any endomorphism of an extra-special pgroup G for both the types. Based on these formulae, the automorphism group Aut(G) and the endomorphism semigroup End(G) are described. The orbits under the action of the automorphism group Aut(G) are determined. In addition, the endomorphism semigroup image of any element in G is found. As a consequence it is deduced that, under the notion of degeneration of elements in G, the endomorphism semigroup End(G) induces a partial order on the automorphism orbits when G is the Heisenberg group and does not induce when G is the extra-special p-group of exponent p 2 .
1. Introduction 1.1. Preamble. For a prime p, a special group is a p-group which is either elementary abelian or a p-group where the Frattini subgroup, the commutator subgroup and the center coincide and the center is of exponent p. An extraspecial p-group is a non-abelian special group where the center is of order p. The extra-special p-groups arise in various contexts and are well studied groups in the literature. They occupy a distinctive place in the representation theory and the cohomology of finite groups. Classification of finite dimensional irreducible representations and their corresponding characters of extra-special p-groups over an algebraically closed field of characteristic zero is well known. For instance, it is summarized in D. E. Gorenstein [8] (Chapter 5, Section 5, Theorem 5.4) and L. Dornhoff [6] (Chapter 31, Theorem 31.5). Projective representations of extraspecial p-groups has been described by H. Opolka [16] . From the point of view of cohomology, D. J. Benson and J. F. Carlson [1] , [2] , have written a coherent and simplified account of much of the work done in this area. For an odd prime p, the cohomology of the extra-special groups of order p 3 has been completely worked out by G. Lewis [12] in the integral case and by T. Diethelm [5] and I. Leary [11] in characteristic p. For extra-special 2-groups, D. G. Quillen [17] calculated the mod 2 cohomology. The integral cohomology for these 2-groups was calculated by M. Harada and A. Kono [10] . The extra-special p-groups has generated considerable interest in the study of its non-commuting subsets from a group theoretic and combinatorial view point. For an odd prime p, upper and lower bounds for the cardinality of any maximal non-commuting set in this p-group have been obtained by A. Y. M. Chin [4] . For p = 2, the exact value of the cardinality of any maximal non-commuting set is determined by M. Isaacs (see [3] ). H. Liu and Y. Wang [14] , [15] , have given bounds for the cardinality of any maximal non-commuting set in a generalized extra-special p-group. The automorphism group of an extra-special p-group is also an important aspect of study in the literature. D. L. Winter [18] has determined the structure of
Aut(G) for an extra-special p-group G. For an odd prime p, the group Aut(G) is a split extension of Out(G) by Inn(G).
For p = 2, this need not be true as shown by R. L. Griess Jr. [9] . H. Liu and Y. Wang [13] has determined the structure of the automorphism group of a generalized extra-special p-group. In this article, for an odd prime p and a positive integer n, we compute and give an explicit expression for an automorphism and an endomorphism of an extraspecial p-group of order p 2n+1 . More precisely, first we present in an explicitly new way, the extra-special p-group of order p 2n+1 and of exponent p 2 (Definition 1.2), just similar to one of the standard representations of the Heisenberg group of order p 2n+1 (Definition 1.1). These definitions are advantageous to write down formulae for any automorphism and any endomorphism for both the types of groups (in main Theorems Ω, Σ). In spite of the already determined structure of the automorphism group in the literature, the formulae for automorphisms and endomorphisms given in this article can be derived in a very natural and elegant manner. The importance of these explicit formulae is that they facilitate us to compute the automorphism orbits and the endomorphism semigroup images of elements in the group. These are later used to explore the existence of partial order on automorphism orbits using the notion of "degeneration of elements" (Definition 1.5). Similar work has been done for the case of finite abelian p-groups by K. Dutta and A. Prasad [7] .
Statement of Main Theorems.
We begin this section with a few required definitions in order to state the main theorems. Definition 1.1 (Extra-special p-group of First Type: Heisenberg Group). Let p be an odd prime, n be a positive integer and F p be the finite field order p. For
Then the Heisenberg group is defined as a set 
The extra-special group of second type is defined as a set
with the following group operation. Let
Definition 1.3 (Extra-special p-group and its associated symplectic form). Let p be an odd prime. A finite group G is said to be an extra-special
In this case we have that
is elementary abelian, isomorphic to (Z/p 1 Z) 2n for some n ∈ N and is equipped with non-degenerate symplectic form * , * defined as: * , * :
where f :
for a fixed generator z of Z(G). Consequentially The group G hence has order p 2n+1 and the Frattini subgroup Φ(G) of G is also equal to Z(G) (refer to Appendix 6). If σ is an endomorphism (automorphism) of G then it gives rise to σ an endomorphism (automorphism) of
. Remark 1.4. Let p be an odd prime and G be an extra-special p-group. Then G is isomorphic to either ES 1 (p, n) or ES 2 (p, n) for some n. We prove this fact in Theorem 2.1 in Section 2. Definition 1.5 (Partial order on orbits and the notion of degeneration). Let G be a finite group. Let Aut(G), End(G) be its automorphism group and endomorphism semigroup respectively. Let S be the set of automorphism orbits in G. Let x, y ∈ G. We say y is endomorphic to x or x degenerates to y if there exists σ ∈ End(G) such that σ(x) = y. We say y is automorphic to x if there exists σ ∈ Aut(G) such that σ(x) = y. We say the endomorphism semigroup induces a partial order ≤ on the automorphism orbits if y is endomorphic to x and x is endomorphic to y then y is automorphic to x. In this case, if O 1 , O 2 ∈ S are two orbits then we write O 2 ≤ O 1 if for some y ∈ O 2 , x ∈ O 1 we have y is endomorphic to x. Remark 1.6. Let p be a prime and G be a finite abelian p-group. Then the endomorphism semigroup End(G) (here an endomorphism algebra) induces a partial order on automorphism orbits [7] . Now we introduce some notation before stating the first main theorem.
• Let e n i = (0, . . . , 0, 1, 0, . . . , 0) t ∈ F n p be the vector with 1 in the i th position and 0 elsewhere. Here t stands for transpose.
• Let 0 n = (0, . . . , 0) t ∈ F n p be the zero vector.
• u, w denote vectors in F n p for some n.
• Let Sp scalar (2n,
• Let symp scalar (2n,
We state the first main theorem of the article.
Theorem Ω. Let p be an odd prime and n be a positive integer. Let G = ES 1 (p, n). Then: 
with respect to the ordered basis {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y n } of
where
Conversely if σ is given as in Equations 
b) The central non-identity elements Z(G)\{e}. (c) The non-central elements G\Z(G). (F) The set of endomorphism semigroup images of an element g ∈ G is given by:
(a)
G). (G) The endomorphism semigroup induces a partial order (in fact a total order) on
automorphism orbits which is given by
Now we introduce some further notation before stating the second main theorem.
• Let i 21 : Z/p 1 Z ֒→ Z/p 2 Z be the inclusion of the abelian group Z/p 1 Z taking the generator 1 ∈ Z/p 1 Z to p ∈ Z/p 2 Z.
Now we state the second main theorem of the article.
Theorem Σ.
Let p be an odd prime and n be a positive integer. Let G = ES 2 (p, n). Then:
The explicit expression for σ ∈ Aut(G) is given as follows. Let
with respect to the ordered basis {x 1 ,
As a consequence we have in addition
. (D) With the same notations in (B) the expression for σ ∈ End(G) is given as
follows. Let
Then we have σ may be non-invertible and
a ∈ (Z/p 2 Z) and a ≡ a 11 mod p can be zero, 
is a disjoint union of p automorphism orbits.
Preliminaries
In this section, we first prove that, for an odd prime p and a positive integer n, an extra-special p-group G of order p 2n+1 is one of the two types. It is isomorphic to either ES 1 (p, n) or ES 2 (p, n). We also give one more way of presenting the group ES i (p, n) using a symplectic form for i = 1, 2. Using Proposition 6.1, any extra-special p-group has exponent either p or p 2 and has order p 2n+1 for some n ∈ N. We state a theorem now. 
Proof. To prove (1), we use Proposition 6.1(b). We choose a basis of symplectic
and lift them to a set of generators x i , y i ∈ G\Z(G), 1 ≤ i ≤ n and an element z ∈ Z(G) = z which satisfy the required conditions. Then every element g of G can be uniquely written as
and
is an isomorphism of groups.
To prove (2) again we use Proposition 6.1(b). We choose a basis of symplectic
and lift them to a set of generators
then this implies, using the commutator relations, that G is of exponent p. Hence at least one of the generators has order p 2 and also more than one of the generators may have order p 2 . Now we change the generating set so that exactly one of the elements has order p 2 as follows. 
Here we use commutator relations in an extra
-special group G, that is, [g, hk] = [g, h][g, k], [gh, k] = [g, k][h, k], [g, h m ] = [g, h] m , [g m , h] = [g, h] m , [g, h] ∈ Z(G) for all g, h, k ∈ G, m ∈ Z. Nowwe choose the new generators {x 1 , y 1 x m 1 } instead of {x 1 , y 1 }. So in every pair of generators {x i , y i } we can assume that o(y i ) = p and [x i , y i ] = z for 1 ≤ i ≤ n without loss of generality. Now suppose o(x 1 ) = p 2 = o(x 2 ), o(y 1 ) = p = o(y 2 ). Let x p 1 = z r , x p 2 = z s for r,for some u1 ∈ Z/p 2 Z, w 1 ∈ Z/p 1 Z, u = (u 2 , . . . , u n ) t , w = (w 2 , . . . , w n ) t ∈∈ (Z/p 1 Z) n−1 . The map µ : G −→ ES 2 (p, n) given by µ(x 1 ) = (1, 0 n−1 , 0, 0 n−1 ), µ(y 1 ) = (0, 0 n−1 , 1, 0 n−1 ), for 2 ≤ i ≤ n, µ(x i ) = (
Definition 2.2 (Alternative Definition for ES
Let * , * be a non-degenerate symplectic bilinear form on F 2n p . Then the group structure on ES 1 (p, n) is defined as:
Definition 2.3 (Alternative Definition for ES 2 (p, n)).
Let p be an odd prime, n be a positive integer and Z/p i Z be the cyclic ring of order p i , i = 1, 2. Let i 21 : Z/p 1 Z = {0, 1, 2, . . . p − 1} ֒→ Z/p 2 Z = {0, 1, 2, . . . , p 2 − 1} with i 21 (a) = pa for a ∈ Z/p 1 Z be the standard inclusion as an abelian group where the generator 1 ∈ Z/p 1 Z maps to p ∈ Z/p 2 Z. Let
Then the group structure on ES 2 (p, n) is defined as follows. Let * , * be the non-degenerate symplectic bilinear form on (Z/p 1 Z) 2n given by the matrix J = 0 n×n I n×n −I n×n 0 n×n with respect to the standard basis. Let Here we state the theorem.
Proof. We prove for l = 1 first.
u j w j ∈ F p . Let us fix the symplectic form as
Define a map λ :
It is easy to check that λ is an isomorphism. Now we prove for l = 2.
The symplectic form is given as
Define a map δ :
It is easy to check that δ is an isomorphism. This completes the proof of the theorem.
Now we prove a general proposition regarding extra-special p-groups.
Then we have:
. Now the proposition follows.
2.1. Some Commutative Diagrams on Extra-special p-Groups. Now we show that certain diagrams of groups and maps for the extra-special p-group of the first type are commutative. First we observe that Z( p, n) ). Let
be the quotient maps of groups. Let the induced maps be
Then the following two diagrams commute.
In particular we get that Im(
Hence we have Sp scalar (2n, 
We describe this image exactly in Proposition 4.1.
Proof of the First Main Theorem
In this section we prove first main Theorem Ω.
Proof. 
Putting
Similarly we have
We conclude the following.
•
we have from Equation 3.1 that
• If we define
• Similarly from Equation 3.3 and C t B = B t C we conclude that
• We observe that
• From Equations 3.4, 3.5, 3.6, 3.7 we conclude that In case of End(G), the proof is similar except that here for σ ∈ End(G), we have l ∈ F p and is allowed to be zero. This proves (C),(D) in Theorem Ω. Now we prove (E). There are three automorphism orbits as follows. The identity element {e} is clearly an orbit. The non-identity central elements Z(G)\{e} form an orbit, as inner automorphisms act transitively on the non-identity central elements. Now the non-central elements G\Z(G) form an orbit as the group Sp scalar (2n, F p ) acts transitively on F 2n p \{0 2n }.
Now we prove (F). In case σ ∈ End(G) we allow l to be zero. So the endomorphism semigroup image of g ∈ G is given by (a)
Now it is clear that endomorphism semigroup End(G) induces a partial order (total order) on the automorphism orbits. This proves (G) and thereby completes the proof of first main Theorem Ω.
Using first main Theorem Ω we have the following corollary. 
Proof of the Second Main Theorem
In this section we prove second main Theorem Σ.
Proof.
Since the order of 
The additional consequences of σ ∈ Aut(G) are as follows. We conclude that σ induces automorphisms of the following three subgroups of G. 
We observe that elements of order p 2 forms an orbit that is G\H is an orbit and for n > 1 the set H\K = H\Z(H) is an orbit. This proves (E). Now we prove (F). The endomorphic images of any element g in G is given as follows. It is 
Proof. This follows from the proof of second main Theorem Σ.
An Open Question
This article leads to an open question which we pose in this section. In general for a finite group, its center and commutator subgroup are characteristic subgroups. However it is not true that an endomorphism maps the center into itself, but an endomorphism maps commutator subgroup into itself. Any automorphism or any endomorphism gives rise to a pair of automorphisms and endomorphisms of the commutator subgroup and the abelianization of whole group respectively. The automorphism group and the endomorphism algebra for finite abelian groups are known. Now we pose the following open question. • Determine the automorphism orbits in G.
• Determine the endomorphism semigroup image of any element in G.
• Determine for which type of such groups G the endomorphism semigroup induces a partial order on the automorphism orbits. 1 (p, n) . The answer to Question 5.1 can be explored in the case of H n (F q ). . Conversely all hyperplanes passing through the origin in G Z (G) intersect exactly at the origin and their inverse images in G are maximal (proper) subgroups in G. Hence the intersection of all maximal subgroups of G is exactly equal to Z(G). This completes the proof of (e) and the proposition. 
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=
